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Abstract—A margin propagation (MP) algorithm that can
be used for implementing analog decoders for low-density
parity check (LDPC) codes is presented. Unlike conventional
sum–product analog decoders that rely on translinear operation of transistors, MP decoders use addition, subtraction and
threshold operations, and therefore can be mapped onto different analog circuit topologies (current-mode, charge-mode, or
nonelectronic circuits). This brief describes salient properties of
the MP decoding algorithm and compares its performance to
the sum–product and the min–sum (MS) decoding algorithms.
Simulation results demonstrate that MP based LDPC decoders
achieve nearly an identical bit error rate performance as their
sum–product counterparts and achieve superior performance as
compared to the MS decoding algorithm. Results presented in this
brief also demonstrate that, when messages in LDPC decoding are
corrupted by additive noise, the MP decoding algorithm delivers
superior performance compared to its sum–product and MS
counterparts.
Index Terms—Analog decoding, error-control coding, low-density parity check (LDPC), margin propagation, reverse water
filling.

I. INTRODUCTION

O

NE of the key factors underlying widespread acceptance
of low-density parity check (LDPC) codes [1], [2] in
modern communication standards has been their efficient and
hardware realizable decoding algorithm. Conventional LDPC
decoding algorithms are either based on the sum–product
formulation [3], [4] or are based on suboptimal approximation
techniques such as the min–sum (MS) formulation [5]. Both
of these approaches are soft-decision algorithms that operate
either in probability or log–likelihood ratio (LLR) domain [5]
and have been successfully implemented using analog and
digital hardware [6]–[11], [14]. In particular, analog decoders
are attractive as compared to their digital counterparts because they exploit computational primitives inherent in device
physics to achieve high energy efficiency [16]. For example,
CMOS based analog LDPC decoders use translinear response
of MOS transistor (biased in weak-inversion) to implement
the sum–product algorithms [10], [16], [12], [13]. Strong
dependence on device physics, however, constrains the applicability of analog sum–product decoding to a specific class
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of devices (bipolar or MOS transistors) and their operational
regime (weak-inversion for MOS transistors). Approximation
techniques like the MS algorithm have been proposed to extend
the scope of analog decoding beyond translinear MOS circuits
[14]. For instance, in [15] the MS algorithm has been mapped
onto optical devices. However, when compared to an equivalent
sum–product decoder, MS approximation incurs a performance
penalty in terms of its bit-error rate (BER).
In this brief we present an alternative analog decoding algorithm that is based on margin propagation (MP) principles [18].
At the core of MP is a reverse water-filling procedure that can
be implemented using basic conservation laws. This property
enables the MP decoding algorithm to be scalable across different computing devices that operate on diverse set of physical
parameters (charge, current, mass, etc.). We had previously reported a current mode network that implemented a MP analog
decoder for convolutional codes [18]. The network used only
Kirchhoff’s current conservation law for implementing the MP
decoding algorithm. The operation of the decoder was shown
to be independent of the MOS transistor biasing (weak, moderate and strong inversion) and was shown to operate at higher
decoding rates than an equivalent sum–product decoder. Additional features that make the MP decoding attractive include:
1) insensitivity to variations in ambient conditions, as the algorithm relies solely on universal conservation laws; 2) improved
dynamic range and faster convergence, as the MP decoding operates using log–likelihood scores instead of probability measures.
This brief expands on our recently reported results on MP
[19], with a particular emphasis on LDPC decoding. The organization of the brief is as follows. Section II briefly introduces the
sum–product LDPC decoding algorithm and describes the computational core that will be implemented using MP. Section III
introduces MP and presents some examples of its implementation using analog circuits. Section IV describes simulation results, comparing the performance of the MP decoding algorithm
to alternative approaches. Section V provides conclusions with
some final remarks.
II. LDPC DECODING AND LOG–SUM FORMULATION
LDPC codes are a class of binary linear block codes whose
parity check matrix contains only a few 1’s in comparison
to the number of 0’s [1], [20]. An example of a parity check
matrix , and its tanner or factor graph [16], [4] is shown in
Fig. 1(a) and (b). The factor graph shown in Fig. 1(b) consists
which are connected to
of variable nodes
check nodes
using edges. For the description
that follows, the number of edges associated with each node
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Fig. 2. Illustration of margin normalization procedure.

Fig. 1. (a) A H (2; 4) parity check matrix. (b) Its corresponding factor graph.

(also known as degree of the node) will be denoted by
and , each corresponding to the check and variable nodes
respectively. The parity check matrix for LDPC code will be
. Let
denote a set of
represented by the symbol
denote
check nodes connected to the variable node and
that are connected to
the set of check nodes other than
variable node . Similarly, let denote a set of variable nodes
connected to the check node
and
represent the set of
variable nodes other than the node connected to .
In a sum–product LDPC decoding algorithm [5], each check
node receives messages from its set of neighbors (denoted
by
) and computes messages to be sent to the vari(denoted by
) according to
able nodes

where
In subsequent iterations, each variable node
sages from its neighboring check nodes
putes messages to be sent to the check node
) according to

(1)
.
receives mesand re-com(denoted by

arbitrary variables , represent likelihood scores. The variables and can be decomposed into their differential forms
and
, with
.
as
In particular, because of their robustness to common-mode interference, differential representations are useful for implementation on analog circuits. Equation (3) can be written in a differential form as
(4)
(5)
Each of the updates (4) and (5) constitute a log–sum factor for
which several approximations have been reported [5], [14]. In
the next section, we will use MP to approximate (4) and (5).
III. MP AS AN APPROXIMATION TO LOG–SUM FACTOR
In its general form, a log–sum factor is computed over a set
according to
of scores

(6)
MP algorithm computes an approximation
cording to a reverse water-filling constraint as

ac-

(7)
(2)
Messages are propagated back and forth between the variable
and check nodes for a pre-determined number of iterations before a decision on the received bits is made [5].
Based on the approach described in [5], (1) can be computed
recursively according to the following algorithm.
, initialize
1) Given the messages
.
2) Repeat the following recursion for each element
:

(3)
Equation (3) is fundamental to the implementation of LLR
based LDPC decoders. The operation (3) can be compactly represented as
where the

in (7) denotes a threshold operation and
represents a parameter of the algorithm. The solution to (7) is
illustrated in Fig. 2, where the cumulative score beyond the normalization factor (shown by the shaded area) equals . In the
, the normalization factor
. Thus,
limit
as
, the normalization factor tracks the largest of the
scores. Also, when the number of scores increases, the value of
decreases for the fixed value of . An algorithm for calculating using (7) requires nested routines and involves sorting
and binary search, making its digital implementation complex
and cumbersome. However, (7) can be implemented on several analog computing devices using basic conservation laws
(charge, current, mass etc). Some of the examples of possible
implementations are described in Section III-B.
Fig. 3 compares margin normalization factor computed according to (7), with a log–sum factor computed using (6). In
this comparison, one of the scores ( ) was varied, and the rest
of the scores (
) were fixed at monotonic increments.
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Fig. 4. Implementation of reverse water-filling using conservation principles.

Fig. 3. Comparison of normalization scores computed according to margin normalization and by log–MAP normalization.

Fig. 3 shows that margin normalization factor is a piece-wise
linear approximation of the log–sum factor, differing only by a
constant (proportional to ). The effect of the constant can be
eliminated when differential representations are used in (4) and
(5).
A. LDPC Decoders and MP
MP based approximation, when applied to recursions (4) and
(5), leads to
(8)
and
are computed acwhere the normalization factors
cording to the following reverse water-filling constraints
(9)
and
(10)
,
,
hoods as

and

are differential representations of likeli,
,
and
. The choice of parameter depends on the size and degree of the nodes in the
parity check matrix, as will be shown using simulation results
in Section IV.
B. Examples of Analog Margin Normalization Circuits

Several computing devices can naturally implement the
reverse water-filling (7) using only conservation laws. For
instance, Fig. 4(a)–(c) illustrates an implementation using a
charged coupled device (CCD). A CCD consists of potential
wells whose depths can be adjusted by the application of an
external voltage to CCD electrodes. As shown in Fig. 4(a), the

initial charge in the potential wells is set to and the depths of
the wells are set to be equal. The depth of the wells are then
monotonically adjusted (adiabatically) in parallel, such that the
device is maintained close to equilibrium. This is illustrated in
Fig. 4(b) where the charge re-distributes amongst the potential
wells. The procedure terminates when all the potential wells
.
have reached a level proportional to scores
The final configuration is shown in Fig. 4(c), where charge
conservation naturally satisfies the reverse water-filling criterion given by (7). The normalization parameter is then
proportional to the substrate potential of the CCD and the
residual charge in the th potential well is proportional to
. Even though the above description uses
the value
charge as a physical parameter for analog computation, other
parameters can also be used. For instance, the potential wells in
Fig. 4 could be replaced by micro-fluidic chambers in a MEMS
device, where the computation could be performed using a
noncompressive fluid. Reverse water-filling functionality could
also be emulated on CMOS devices using currents as has been
reported in [18].
A charge mode CMOS circuit that emulates the CCD procedure described above is shown in Fig. 5. The circuit consists of
reset switches that regulate the flow of charge. During the reset
), the charge stored on the node is proportional
phase (
. When the reset switch
to the differential parameter
is off (
), charge distributes along the node , subject to
the constraints imposed by the pMOS transistors. Thus, each
. At
capacitor stores charge proportional to the value
equilibrium the voltage at node settles down to satisfy the reverse water-filling criterion. Once the differential normalization
factor has been calculated, additions in update (9) and (10) can
be performed using switched-capacitor techniques.
IV. RESULTS
Computer simulations were used to compare the performance of the margin based LDPC decoding algorithm to the
sum–product and the MS based LDPC decoding algorithms.
LDPC code with a
In our experiments, a rate 1/2
and
was chosen.
codeword length of
An additive white Gaussian noise (AWGN) channel with noise
was used for simulations. An all reference zero
variance
codeword was transmitted using binary phase shift keying
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Fig. 5. Charge mode implementation of the reverse waterfilling algorithm.

Fig. 7. Comparison of BER curves for iterative decoders implemented using
sum–product, MS and MP algorithm.

Fig. 6. BER curves obtained using optimal values of margin parameter
responding to different LDPC parity check matrices.

cor-

(BPSK) modulation. The BER was evaluated for different
levels of signal-to-noise ratio (SNR). This was computed as
with
representing energy per bit.
150 error events were used for calculating BER and 20 message
passing iterations were used for LDPC decoding.
In the first set of experiments, BER curves were obtained for
parity check matrices with different node degree. First, an optimal value of (value that produced the lowest BER) was determined for a given node degree and BER curves were obtained,
as shown in Fig. 6. All simulations were performed using a rate
.
1/2 parity check matrix with code length fixed to
Fig. 6 shows a monotonic relationship between the node degree and the corresponding BER rate (for optimal ). This behavior is consistent with the results reported in [20] that used the
sum–product decoding algorithm. The Fig. 6 also shows that superior BER performance can be achieved for parity check matrix
with lower node degree. Also, the optimal value of increases
with the node degree. This behavior is attributed to an increase
in density of 1’s in an LDPC parity matrix (or number of interconnections in the LDPC factor graph), leading to a decrease
in the relative margin (distance between scores) and, hence, decrease in optimal value of .
The next set of experiments compared the performance of
the MP decoding algorithm to the sum–product and the MS alwas
gorithms. A rate 1/2 LDPC code with length
chosen for this experiment. The results, summarized in Fig. 7,
show that the BER performance of the margin based decoder
is near identical to that of the sum–product decoder, but is superior to the MS decoder by 0.3 dB. The performance penalty

Fig. 8. Comparison of BER curves obtained for a 2048 length LDPC code decoded using sum–product (tanh) and MP algorithm.

for the MS decoder has already been reported in [5] and is attributed to the approximation error of the log–sum factors. As
shown in Fig. 8, the similarity in BER performance between the
MP and the sum–product LDPC decoder has also been verified
).
for LDPC codes with larger code length (
The advantage of an MP decoder over a sum–product decoder has been demonstrated using a condition where the communication channel used for propagating the messages between
variable and check nodes is nonideal. Such a scenario arises in
mixed-signal implementation where the messages over analog
lines can be corrupted by substrate noise or capacitive coupling. To simulate such a condition, two sources of additive
noise were considered: 1) primary noise that corrupts the BPSK
signal at the receiver; 2) secondary noise that corrupts the messages propagated on communication channels between nodes
of the code graph. For this experiment, a rate 1/2 LDPC code
was chosen. The SNR for the channel
of length
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performance compared to both the sum–product and the MS
decoders.

Fig. 9. Comparison of BER for a N = 256 LDPC code at 2 dB primary SNR
obtained for different secondary noise levels.

corrupted by primary noise was fixed to 2 dB. The SNR for
the channel corrupted by secondary noise was computed relative to the signal level in the primary channel. Fig. 9 shows a
comparison of BER for LDPC decoders implemented using the
sum–product, the MS and the MP algorithm where the SNR due
to secondary noise was varied. The results indicate a clear advantage of the MP decoder over both sum–product and MS dedB).
coders for higher secondary noise levels (greater than
The figure also shows that the MS decoder is more robust than
the sum–product (tanh) decoder when the secondary noise level
is increased beyond a certain threshold. This observation is consistent with previously reported results that have shown that
the MS decoders are more robust to message quantization than
sum–product based decoders [21].
V. CONCLUSION
In this brief, we described an algorithm for implementing
analog LDPC decoders based on a MP principle. At the core
of MP is a reverse water-filling procedure that can be implemented using universal conservation laws (charge, current,
energy, mass, etc). It was shown that MP can be used for approximating the log–sum factors in a conventional sum–product
based LDPC decoding algorithm. Simulation results have indicated that the BER performance of margin-based LDPC
decoders is near-identical to the sum–product decoders and is
superior to the MS LDPC decoders. It has also been shown
that when messages in LDPC decoding algorithm are corrupted by additive noise, MP decoders demonstrate a superior
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